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A generalized linear dispersion relation of electromagnetic slab universal modes is
derived, taking into account arbitrary ion charge state, electron finite Larmor ra-
dius (FLR) effects, and Debye shielding effects. As a consequence, it provides more
accurate predictions and is applicable to a wider range of plasmas. We find that
electron FLR effects have a weakly stabilizing effect on the slab universal instability
in electron-ion plasma, while Debye shielding strongly stabilizes this instability when
λD approaches ρi (λD is the Debye length and ρi is the ion gyro-radius). In partic-
ular, we examine the stability criterion for this instability in electron-positron pair
plasmas, and find that the instability persists in this simplest plasma system as long
as the pair plasma number density exceeds the critical value nc = B
2/(8pimec
2).
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I. INTRODUCTION
This work describes a linear gyrokinetic analysis of the electromagnetic universal insta-
bility in a collisionless slab plasma. The mode we term a “universal instability” in this
research differs slightly from the the most restrictive usage of that term, and might equally
well be labeled an entropy mode. Historically, the names “entropy mode”1 and “universal
instability”2 were first introduced in 1960s. The former refers to an ion Larmor scale thermal
instability driven by density and temperature gradients, resulting a perturbed density and
temperature while the plasma kinetic pressure remains undisturbed. In certain magnetic
configurations (e.g., Z-pinch3 and dipole4), it is believed to play an essential role in particle
and heat transport when ideal MHD instabilities are suppressed. For instance, it is found
that the entropy mode is responsible for the observed particle pinch (i.e., transport of parti-
cles along the direction of the density gradient) in the dipole configuration with both local
gyrokinetic5 and global fluid6 simulations. The universal mode (instability) was first named
to refer to the electrostatic instability predicted in low β magnetized plasma occurring due to
non-uniform densities – a pervasive characteristic amongst almost all magnetized plasmas,
and hence the term universal. This name was challenged later as subsequent work focusing
on the long wavelength limit (k⊥ρi  1) found that this instability is not truly “universal”
as it can be stabilized in complex geometries7 or in the simple sheared slab in the absence of
additional instability drivers (i.e., temperature gradients, parallel current or magnetic cur-
vatures).8–10 However, recent studies suggest that the universal instability could still exist
at sub-ion Larmor scales k⊥ρi ≥ 1 in a sheared slab11,12 or in more general geometries13. To
date, most research into entropy modes and the universal instability has been carried out in
the electrostatic limit.
Previously, we performed a local linear electromagnetic gyrokinetic analysis of a shearless,
collisionless slab plasma with the constraint of MHD equilibrium, i.e., equilibrium pressure
balance p+B2/(8pi) = constant, and discovered an instability driven by density and temper-
ature gradients.14 Allowing electromagnetic fluctuations while enforcing MHD equilibrium
implies that the plasma kinetic pressure is not constant while instability occurs. Such an
instability does not fit in the conventional entropy mode category, but might be better
referred to as an electromagnetic universal instability. The dispersion relation derived in
our previous work assumed singly charged ions and neglected electron finite Larmor radius
2
(FLR) effects – a common practice for analyzing ion-scale instabilities. In this paper, we
extend our derivation to include arbitrary charge state, and full electron FLR and Debye
shielding effects, and hence attain a more accurate generalized dispersion relation applicable
to a wider range of plasmas. In particular, we examine solutions in an electron-positron
(pair) plasma environment, where electron FLR effects strongly influence the overall plasma
behavior. Notably, we find that the instability persists in this simple plasma system.
Electron-positron plasma research is an active area of inquiry in plasma physics and astro-
physics. Though it is conceptually simple, producing a sufficient number of electron-positron
pairs to form a plasma and studying its collective behavior before annihilation in the labora-
tory is challenging. Even though the original idea of a pair plasma experiment and the first
theoretical study of its properties (e.g., the absence of Faraday rotation, ion acoustic and
drift waves because of the exact mass asymmetry) dates back to the late 1970s,15 only very
recently have active experiments on pair plasma been proposed16,17 and carried out.18–20 Two
main ongoing pair plasma experiments include the A Positron-Electron Experiment (APEX)
in Germany and the experiment in Lawrence Livermore National Laboratory (LLNL) in the
United States. APEX produces non-relativistic positrons by the pair production process
from absorption of MeV γ-radiation in platinum, and plans to trap (and neutralize) them
in a magnetic dipole21. The LLNL experiment generates a relativistic pair plasma via en-
ergetic short-pulse laser irradiation and plans to confine it in a magnetic mirror.22 In part
motivated by such experiments, theoretical and numerical investigations of instability and
transport in pair plasmas have also surged in the past few years. For example, gyrofluid23
and linear gyrokinetic24,25 simulations were performed to study pair plasma’s stability in
dipole and tokamak/stellarator configurations. Meanwhile, recent electrostatic26 and elec-
tromagnetic (with incompressible B‖)27 work concludes that all microinstabilities are absent
in pair plasmas with a homogeneous magnetic field. Further studies suggest that under
certain circumstances microinstabilities do exist in a slab pair plasma, e.g., current driven
instabilities are supported in a sheared slab,28 drift instabilities can reappear when ion im-
purities are present and the ion fraction exceeds some threshold,29, alternatively density or
temperature gradient driven instabilities could be excited in non-neutral electron-positron
plasmas.30 The analysis we performed in this paper allows δB‖ 6= 0, therefore, our find-
ing that the δB‖-universal instability can be unstable in pair plasmas does not contradict
previous studies, but rather is an extension with a relaxed assumption on the guide field.
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This paper is organized as follows. The generalized dispersion relation of the slab universal
instability is derived in section II. Discussions concerning the impact of electron finite Larmor
radius (FLR) and Debye shielding effects are presented in section III. In section IV we
show that this instability persists in a simple electron-positron pair plasma slab. Section V
summarizes our key findings.
II. GENERALIZED DISPERSION RELATION
Consider a quasi-neutral plasma consisting of electrons and one other species with positive
charge (e.g., positrons or cations) in a two-dimensional (xy) slab with a guiding magnetic
field B(x) aligned with the z direction. For simplicity we still refer to this positively charged
species as ions with charge qi=Ze and mass ratio µ=mi/me. The equilibrium plasma pres-
sure is then p0=p0i+p0e=n0iT0i(1+Zτe) where the quasi-neutral condition n0e=Zn0i has been
applied and τe=Te0/Ti0 is the ratio between electron and ion temperatures. Note that the
quasi-neutral condition also ensures Lni=Lne=Ln where the characteristic gradient scale
length for a quantity f is Lf = f/f
′, with f ′ = ∂f/∂x. The equilibrium pressure balance
condition p0+B
2
0/(8pi)=constant, therefore, implies that L
−1
B =− βL−1p /2, or
Lni
LB
= −βiα0
2
, (1)
with
α0 = 1 + ηi + Zτe + Zτeηe, (2)
βα = 8pipα0/B
2
0 , and the characteristic length ratios are ηα = (n0T
′
α0)/(n
′
0Tα0) for α = e, i.
Enforcement of the equilibrium pressure balance condition within the slab geometry (i.e.,
when the magnetic tension force associated with magnetic curvature is negligible) is proven
to be crucial in order to avoid a specious instability driven by the pressure gradients, even
in low β cases.14
Defining the thermal speed vtα =
√
2Tα0/mα, the gyrofrequency ωcα = qαB0/(mαc),
and the gyroradius ρα = vtα/ωcα, assuming k‖ = 0 and the perturbed magnetic field B˜ ∝
e−iωt+ik⊥yzˆ, expanding the linearized Vlasov equation and distribution functions according
to the gyrokinetic ordering  ∼ ρα/L, and then substituting the perturbed electron and
ion distribution function in Ampe`re’s law and Gauss’s law, yields the generalized dispersion
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relation of the slab δB‖-universal instability
IφQIBA = IBQIφA = 2 (IφA)
2 /(Zβi) (3)
with
IφQ = 2
∫ ∞
0
dvve−v
2
[
Z
(
J20
ω¯i
ωbi
− 1
)
+
(
J20
ω¯e
ωbe
− 1
)
τi
]
− k2λ
2
De
ρ2i
τi , (4)
IBA = 1 + 4
∫ ∞
0
dvv3e−v
2
(
J21
βi
k2
ω¯i
ωbi
+
µ
Z2τe
J21
βe
k2
ω¯e
ωbe
)
, (5)
IφA = −2Zβi
∫ ∞
0
dvv2e−v
2
(
J0J1
1
k
ω¯i
ωbi
+
µ1/2
Zτ
1/2
e
J0J1
1
k
ω¯e
ωbe
)
. (6)
Here τi = Ti0/Te0 = τ
−1
e , v = v⊥/vt,
ω¯i = ω − k
2
[
1 + ηi
(
v2 − 1)] , ωbi = ω + βiα0
4
kv2, (7)
ω¯e = ω +
Zτek
2
[
1 + ηe
(
v2 − 1)] , ωbe = ω − βeα0
4
kv2, (8)
J0 and J1 are Bessel functions of the first kind, the arguments of J0,1 for ions and electrons
are kv and −Z√τe/µ kv respectively, and ω, k are normalized according to
ω = ωphysLn/vti, k = kphysρi. (9)
A complete description of the derivation of the generalized dispersion relation is outlined
in the supplementary material. In such derivation no assumption was made on charge state,
full electron FLR effects were retained and the perturbed electric field was calculated through
Gauss’s law. As a result, the new dispersion relation is not only a function of k⊥, plasma β,
temperature ratios τi,e and characteristic length ratios ηi,e = Ln/LTi,e , but also depends on
the charge state Z, the ion-electron mass ratio µ and the Debye length λDe .
As expected, if one takes small argument expansions of Bessel functions
J0(b)=1−b2/4+O(b4), J1(b)=b/2−b3/16+O(b5) (10)
and considers dense plasmas (λDe/ρi1) with singly charged ions (Z=1, µ=mi/me1 so
that only leading order FLR effects of electrons are kept), then the above equations recover
the dispersion relation without higher order electron FLR and Debye shielding correction
(i.e., equations (17)-(19) of reference14).
Because the slab δB‖-universal mode is also driven by density and temperature gradients,
like conventional entropy modes, it shares characteristics of the entropy modes. In general,
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FIG. 1. Slab universal mode (a) frequency ω and (b) linear growth rate γ verses k⊥, β in hydrogen
plasma (µ = 1836, Z = 1) with τe = 1, ηi = −1, ηe = 2 and λDe ≈ 0.
the linear growth rate of the slab δB‖-universal mode vanishes in the long wavelength kρi  1
limit and peaks near kρi ∼ 1. This mode tends to propagate in the electron diamagnetic
direction at low k while it reverses to the ion diamagnetic direction at high k (the real
frequency ω changes from negative to positive) as elucidated in figure 1. In addition, this
6
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FIG. 2. Linear growth rate of hydrogen plasma from general dispersion relation (solid lines) along
with result from GENE eigenvalue solver (diamond markers).
mode is somewhat “universal” – for any slab plasma with fixed β and varying guide magnetic
field (i.e., LB 6=∞ or equivalently the plasma pressure p is inhomogeneous), there is always
a constrained parameter region (negative ηi and/or ηe) in which this mode is unstable.
Without further simplification, the generalized dispersion relation of the slab universal
instability (equation 3) is too complicated to be solved analytically. We therefore solve it
using a numerical root-finding algorithm. In order to validate the generalized linear disper-
sion relation and verify that it is solved correctly, the numerical solutions of equation 3 are
benchmarked with results of GENE’s linear eigenvalue solver.31 As shown in figure 2, overall
good agreement has been achieved over a wide range of parameters; a mild discrepancy only
appears at moderate k for low β and extremely hot ions (red line and diamonds in figure 2).
Some analytical progress can be made, however, in simpler limiting cases. In the low β
and long wavelength limit, an analytical dispersion relation is derived by taking the small
argument approximations of Bessel functions J0 and J1. Defining the normalized phase
velocity u = 2ω/k and the normalized Debye length λ¯2De = 2λ
2
De
τi/(Zρ
2
i ), to O(β), O(Z)
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and O(k2), the dispersion relation becomes the quadratic equation
a2u
2 + a1u+ a0 = 0 (11)
with
a2 =
(
1 +
1
µ
+ λ¯2De
)
(1 + β) =
(
1 +
1
µ
+ λ¯2De
)
[1 + βi (1 + Zτe)] , (12)
a1 = −α1i (1 + β) + βi
(α0
2
− α4 − λ¯2Deα4
)
+
1
µ
[
Zτeα1e (1 + β)− βi
(
Zτeα0
2
+ α4
)]
,(13)
a0 = βi
[
α1iα4 − α0α2i
2
− Zτe
µ
(
α1eα4 +
Zτeα0α2e
2
)]
. (14)
and
α1i,e = 1 + ηi,e , α2i,e = 1 + 2ηi,e , α4 = 1− Z2τ 2e + 2
(
ηi − Z2τ 2e ηe
)
, (15)
The instability condition thus becomes
∆ = a21 − 4a0a2 < 0 (16)
and the linear growth rate is
γest = Im(ω) =
|∆|1/2k
4a2
. (17)
Details of the derivation are outlined in appendix A. As plotted in figure 3, compared to
the numerical solution of full dispersion relation in equation 3, the low β long wavelength
estimate in equation 17 typically yields an accurate linear growth rate in the low β regime
(β ≤ 0.1) but fails to predict instability as β approaches unity. Nevertheless, it is still a
very useful formula as it retains electron FLR and Debye shielding effects and is applicable
to arbitrary τi,e. Therefore, we will use it to explore the stability conditions, quantify the
impact of electron FLR effects and help us understand instability properties in the low β
long wavelength regime.
III. ELECTRON FLR AND DEBYE SHIELDING EFFECTS
In the gyrokinetic study of ion-scale instabilities, a common means of simplifying cal-
culations is to drop high order electron FLR effects because they are normally two orders
of magnitude smaller than ion FLR effects. Although recent multi-scale nonlinear sim-
ulations32,33 show that electron scale instability can influence ion scale transport due to
cross-scale coupling, neglecting electron FLR effects in the linear analysis of ion-scale modes
8
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FIG. 3. Numerical (red) and analytical (blue) growth rates in singly charged neon plasma for
k⊥ρi = 0.1, τe = 2, ηi = −1, ηe = 2 and λDe = 0.
is still considered justified, at least for electron-ion plasmas. In this section, we explore
the impact of electron FLR effects on the slab δB‖-universal instability within the linear
gyrokinetic analysis, especially when the electron gyro-radius is no longer too small to be
neglected. We define the ratio of the electron and ion gyro-radius δ = |ρe/ρi| = Z
√
τe/µ
as a (rough) indicator of the relative influence of electron and ion FLR effects. Typically, δ
is much smaller than unity. For example, δ ≈ 0.02 for hydrogen plasma with Ti ∼ Te, and
δ ≈ 0.05 for fully ionized neon plasma with Ti ∼ Te.
We first quantify the corrections to our previous analysis of slab δB‖-universal instabil-
ity (without electron FLR effects)14 due to electron FLR effects. Figure 4 compares the
instability conditions and linear growth rates of the slab δB‖-universal instability based on
the low β long wavelength linear growth rate expression 11 with and without electron FLR
effects for a hydrogen plasma at β = 0.02, k⊥ρi = 0.1 and λDe ≈ 0. As δ ∝
√
τe, equal tem-
perature (τe = 1), hot electron (τe = 5) and extremely hot electron τe = 20 cases are chosen.
In the equal temperature (τe = 1, δ = 0.02) and hot electron (τe = 5, δ = 0.05) plasmas,
the electron FLR correction is too small to be distinguished, indicating that neglecting the
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electron FLR effects is indeed justified for these cases. For the extremely hot electron case
(τe = 20, δ = 0.1), including electron FLR effects has a stabilizing effect on the instability.
For this very hot electron system the unstable region in ηe,i space shrinks slightly and the
maximum linear growth rate decreases by 25%, yet the overall shape remains qualitatively
the same. Therefore, we conclude that the additional electron FLR effects do not introduce
any qualitative change in the properties of the slab δB‖-universal instability, at least for the
electron-ion plasma parameters; and the findings based on our previous analysis14 are still
valid. It is important to point out that this instability occurs in a parameter regime with
ηi < 0 and/or ηe < 0, i.e., density and temperature gradients are in opposite directions.
Although less common, negative η could exist, for example, in a disrupted tokamak plasma.
It also can be deliberately attained by locally heating electrons and/or ions and fueling in a
laboratory setting.
In order to further investigate the impact of electron FLR effects, stability analyses are
performed for six different types of plasmas with different ion species. We now consider
singly charged argon plasmas (µ = 73, 351), hydrogen plasmas (µ = 1836) and plasmas
with artificially reduced ion-electron mass ratios µ ∈ {100, 40, 20, 10}, with fixed total
plasma β = 0.1, τe = 1, k⊥ρi = 0.1 and λDe ≈ 0. These plasmas hence correspond to
δ ∈ {0.004, 0.023, 0.1, 0.158, 0.224, 0.316} respectively. Figure 5 shows how the instability
condition and linear growth rate evolve as the ion mass decreases, or δ increases. The sta-
bilizing effect due the electron FLR contribution is more profound in this mass scan. For
δ ≤ 0.1 (singly charged argon and hydrogen plasmas), the unstable region in ηe,i space barely
changes and the peak linear growth rates remains the same. As δ continues increasing to
sub-unity (∼ 0.3), electron FLR effects start to have substantial influence on the instability:
the unstable region becomes more constrained in ηe,i space and the maximum linear growth
rate reduces to roughly 1/3 of its original value – both indicate that the slab δB‖-universal
instability is stabilized by the electron FLR effects. This conclusion is further verified by
solving the generalized dispersion relation in equation 3 for plasmas of different ion mass
µ at Z = 1, β = 0.1, τe = 1, ηe = 2, ηi = −1 and λDe ≈ 0. Figure 6 demonstrates that
as the electron FLR effects increase, not only do the linear growth rates diminish, but also
the mode favors travel in the electron direction (negative in our notation) at low k, and the
propagation transition point (i.e., ω = 0) is pushed towards higher k.
The impact of Debye shielding on the slab universal instability is also studied. Not
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FIG. 4. Slab universal instability linear growth rate as a function of ηe, ηi, τ for hydrogen plasma
(µ = 1836, Z = 1) at k⊥ρi = 0.1, β = 0.02, λDe = 0 with and without electron FLR correction.
surprisingly, it is always stabilizing and starts to play an important role once λDe approaches
ρi as shown in figure 7. Physically, the slab δB‖-universal mode discussed in this paper is
an electromagnetic instability – perturbed electron and ion distribution functions produce a
perturbed electrostatic potential φ˜ as well as a perturbed current j˜; also, the characteristic
wavelength of this mode λ ∼ 1/k⊥ ∼ ρi. On the other hand, by definition, the Debye length
λD measures how far the electrostatic effects can extend in a plasma – with each distance of
11
FIG. 5. Slab universal instability linear growth rate as a function of ηe, ηi, µ for k⊥ρi = 0.1, β =
0.1, τe = 1, λDe = 0.
λD, the effective electric potential decreases by a factor of 1/e. If λD  λ, Debye shielding
has little influence on φ˜; however, as the Debye length increases towards λ, the electrostatic
potential (and its perturbation) will be attenuated more and more strongly; eventually, when
λD  λ, φ˜ will be completely screened.
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FIG. 6. (a) Real frequencies and (b) linear growth rates of the slab universal instability for singly
charged plasma (Z = 1) with various ion mass and β = 0.1, τe = 1, ηe = 2, ηi = −1, λDe = 0.
The Debye shielding effect can also be understood algebraically with the aid of the low
β long wavelength analytical formula in equation 11. If one neglects electron FLR effects
(µ → ∞), then a2 ≈ (1 + λ¯2De)(1 + β), a1 ≈ −α1i(1 + β) + βi(α0/2− α4 − λ¯2Deα4), and the
13
FIG. 7. Stabilization of the slab universal instability for hydrogen plasma with β = 1, τe = 1, ηi =
−1 and ηe = 2 as normalized Debye length λ¯De = λDe/ρi increases.
instability condition with λ¯De ordering yields
∆ ∼ β2i α24λ¯4De −O(λ¯2De) < 0. (18)
Clearly, given a large enough λ¯De , the O(λ¯
4
De
) term will dominate and ∆ > 0. In other
words, the slab universal instability will be completely stabilized if the plasma density is
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sufficiently low such that λ¯De  1 or λDe  ρi. However, in many space and laboratory
magnetized plasmas, ρi  λDe ; e.g., for solar wind plasma ρi ∼ 5 × 104m  λD ∼ 10m,
for LAPD plasma ρi ∼ 2 × 10−3m  λD ∼ 1 × 10−5m, and for tokamak plasma ρi ∼
2 × 10−3m  λD ∼ 2 × 10−5m. Therefore Debye shielding stabilization is expected to be
weak in these plasma systems.
IV. SLAB δB‖-UNIVERSAL INSTABILITY IN PAIR PLASMA
In an electron-ion plasma, µ = mi/me  1 and Te ∼ Ti so that δ  1 and neglecting
higher order electron FLR effects is justified as discussed in section III. However, this is
not the case for electron-positron pair plasmas. Due to its unique mass symmetry feature
(mi = mp = me where subscript p refers to positron), this simple plasma system has some
fascinating properties. For example, large temperature separation is not expected in pair
plasma as the ratios τee : τpp : τep = 1 : (mp/me)
1/2 : mp/me = 1 : 1 : 1 where τrs is the
collision time between species r and species s.34 Therefore, in a pair plasma, δ =
√
τe ∼ 1;
in other words, electron FLR effects are almost always equally as important as the ion (or,
positron) FLR effects in a pair plasma. Another interesting consequence of mass symmetry
is that many instabilities (e.g., the electrostatic drift instability) will be absent in such a
system.15
As shown in figure 5, the slab δB‖-universal instability is stabilized when µ decreases (i.e.,
electron FLR effects become more important) – the unstable region in η space shrinks and
the peak linear growth rate drops. One therefore might expect that this instability could be
completely suppressed as µ is further decreased. However, we find that though suppressed
substantially, the slab universal instability still exists when µ = 1 (figure 8). In fact, the
electron FLR effects alone cannot completely stabilize the slab δB‖-universal instability in
a pair plasma: when δ = |ρe/ρp| = √τe < 1, the electron FLR effects tend to stabilize the
instability; while for δ > 1 the electron FLR has a destabilizing effect on the instability.
We therefore conclude that the slab δB‖-universal instability due to plasma inhomogeneity
persists in the pair plasma. Our result, however, does not contradict the previous finding
that “there are no linear gyrokinetic instabilities in a pair plasma embedded in a constant
magnetic field, regardless of the size of the density and temperature gradients.”27 This is
because (1) this instability only exists when the magnetic field is not uniform (i.e., no
15
FIG. 8. Slab universal instability linear growth rate as a function of ηe, ηi, τ for electron-positron
plasma (µ = 1, Z = 1) at k⊥ρi = 0.1, β = 0.1. Red line denotes L−1p = 0, i.e., plasma pressure is
uniform.
intersection with the red lines in figure 8); (2) we assume here that the guiding magnetic
field is compressible (δB‖ 6= 0) instead of incompressible (δB‖ = 0).
For electron positron pair plasma (µ = Z = 1), the general dispersion relation in equa-
tion 3 becomes
IφQIBA = (2/βp) (IφA)
2 (19)
with
IBA = 1 + 4
∫ ∞
0
dv¯⊥v¯3⊥e
−v¯2⊥
(
J21
βpω¯p
k2ρ2pωbp
+ J21
βeω¯e
k2ρ2eωbe
)
,
IφQ = 2
∫ ∞
0
dv¯⊥v¯⊥e−v¯
2
⊥
[
J20
ω¯p
ωbp
− 1−
(
J20
ω¯e
ωbe
− 1
)
Tp0
Te0
]
,
IφA = −2βp
∫ ∞
0
dv¯⊥v¯2⊥e
−v¯2⊥
(
J0J1
ω¯p
kρpωbp
+ J0J1
ω¯e
kρeωbe
)
.
(20)
Here
ω¯p = ω − (k/2)
[
1 + ηp
(
v2 − 1)] , ω¯e = ω + (τek/2) [1 + ηe (v2 − 1)] , (21)
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FIG. 9. (a) Real frequencies and (b) linear growth rates of the slab universal instability in a pair
plasma with β = 0.1.
and
ωbp = ω − (k/2)(Ln/LB)v2 , ωbe = ω + (τek/2)(Ln/LB)v2 . (22)
To highlight the characteristics of this slab universal mode in a pair plasma, we solve the
general dispersion relation of equation 19 and show, in figure 9, the frequencies and growth
17
rates as a function of k⊥ρp for three different (yet somewhat symmetric) sets of parameters.
The self-symmetric setting (i.e., electrons and positrons have the same temperature profile
as τe = Te/Tp = 1, ηi = ηe = −0.75) has balanced electron and positron FLR effects (δ = 1),
and results in a purely growing instability, i.e., the real mode frequency ω is zero. This
can be understood via the low-β, long wavelength analytical formula in section II. With
these self-symmetric parameters, the linear coefficient a1 in the quadratic equation vanishes
(assume λ¯De = 0), and the solutions become two purely imaginary numbers corresponding
to a decaying mode and an instability.
The mirror settings (case A: τe = 0.5, ηp = −0.8, ηe = −0.4 and case B: τe = 2., ηp =
−0.4, ηe = −0.8) reflect temperature profiles between electrons and positrons, and produce
two anti-symmetric real frequency k−spectra and two identical linear growth rate curves (in
physical units). In figure 9, the anti-symmetric and identical dispersion relations are less
obvious because they are plotted in normalized units with respect to case-specific parameters.
Recall that for a fixed β, the positron temperature in case A (τe = 0.5) is twice as much as in
case B (τe = 2) as Tp ∝ βp = β/(1 + τe), resulting in a
√
2 larger gyro-radius ρp and thermal
velocity vtp and hence the differences in figure 9 (i.e., curves of case A are stretched along x
axis and compressed along y axis by
√
2 compared to the curves of case B). Take for example
the most unstable point of two dispersion relations – case A at k⊥ρAp = 1.01, γmax/(v
A
tiLn) =
0.0267 and case B at k⊥ρBp = 0.71, γmax/(v
B
tiLn) = 0.0377, are overlaid with each other in
physical units or in normalized units with a fixed positron/ion temperature (as shown in
figure 10).
It is interesting to see that the mode propagation direction completely reverses once the
electron FLR effects exceeds positron FLR effects (i.e., δ > 1) as indicated in figure 9(a).
This can be understood by considering a slab pair plasma with species gyrating around a
guiding magnetic field unstable to the slab δB‖-universal instability. The excitation of this
instability requires a non-uniform magnetic field but does not depend on the magnetic field
direction. If electrons and positrons are suddenly swapped and the guiding field direction is
simultaneously flipped, the new system has virtually the same assembly of particles gyrating
in the same direction; one would thus expect the same instability with the mode propagating
in the opposite direction with respect to the guiding field direction (as it is flipped).
The authors would like to remark on the stabilizing effect of Debye shielding in the pair
plasma as well. So far our analysis has assumed that the pair plasma is dense enough so
18
10-2 10-1 100
-0.03
-0.02
-0.01
0
0.01
0.02
0.03
0
0.01
0.02
0.03
0.04
overlaid linear 
growth rates
FIG. 10. Real frequencies (blue) and linear growth rates (red) of the slab universal instabilities in
a pair plasma with β = 0.1 for case A (solid lines) and B (dashed lines) normalized with respect
to case B positron/ion temperature.
that λD/ρp  1; however, this condition is usually not satisfied for present-day laboratory
produced pair plasmas (e.g., ρp ∼ 100 µm while λD ∼ 3.6 m in APEX21, and ρp ∼ 0.04
cm while λD ∼ 1 cm in the LLNL experiment22) for which the density is low. In our
studies Debye shielding effect are always stabilizing, as illustrated in figure 11. In the case
of τe = 1 (so ρp = ρe = ρ) the Debye shielding effect starts to play a role when λD/ρ > 0.1,
and has a profound impact on the linear growth rate when λD/ρ ∼ 1. This slab δB‖-
universal mode is (almost) completely suppressed when λD/ρ ∼ 100. Hence, observation
of slab universal instability requires that λD/ρ < 1, or equivalently, the plasma number
density exceeds a critical value nc = B
2/(8pimec
2); nc is also termed the Brillouin limit.
35
Because Debye shielding stabilizes nearly all instabilities, similar conclusions were drawn in
previous studies on pair plasmas, e.g., gyrokinetic GS2 simulations of interchange instability
in electron-positron plasma confined in a tokamak configuration36 and in a linear electrostatic
gyrokinetic stability analysis.26
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FIG. 11. Linear growth rate of the slab universal instability in a pair plasma for τe = 1, β = k⊥ρ =
0.1, ηp = ηe = −0.75 varies with Debye length λD.
V. CONCLUSION
In this paper, the generalized electromagnetic δB‖-universal instability dispersion relation
in a collisionless slab plasma is derived by performing a gyrokineitic linear stability analysis
accounting for electron finite Larmor radius (FLR) and Debye shielding effects. This ion-
scale microinstability, driven by density and temperature gradients, vanishes in the long
wavelength limit (k⊥ → 0) and typically has a peak growth rate at k⊥ρi ∼ 1. It also tends
to reverse its propagation direction from the electron to the ion diamagnetic direction as k
increases.
We find that the electron FLR effects, at low k, generally stabilize the slab δB‖-universal
instability, resulting in a more constrained unstable region in the ηi − ηe parameter space
and reduced linear growth rates. Although this stabilization effect is weak for electron-
ion plasmas where the electron gyro-radius is normally two orders of magnitude smaller
than ion gyro-radius (δ = |ρe/ρi| = Z/
√
meTe/(miTi) ∼ O(10−2)), it starts to play a
role once δ > 0.1 (e.g., in cold ion plasma or artificially reducing the ion-electron mass
20
ratio). However, electron FLR effects cannot completely stabilize this instability. As a
result, we find that this instability persists in the electron-positron pair plasma where the
conventional electrostatic universal instability (i.e., drift-wave) is absent due to the unique
mass symmetry. Several interesting features of this instability are observed in the pair
plasma. When electrons and positrons are at thermal equilibrium (i.e., Tp = Ti, LTp = LTe
so δ = 1), the slab δB‖-universal mode becomes a purely growing instability (i.e., ω = 0; or
the mode stops propagating). As the electron FLR effects exceed the positron (ion) FLR
effects (δ > 1), it starts to drive, or destabilize, the slab δB‖-universal instability and to
reverse mode propagation direction. We have also shown that Debye shielding has a strong
stabilization effect once the Debye length λD approaches ρi, as the electrostatic potential
fluctuations φ˜ associated with the instability are effectively screened.
It is worth pointing out that the gyrokinetic linear analysis of slab universal instability
can be further extended, either to the relativistic limit, and to dipole and mirror fields
such as those planned for use in confining laboratory-produced pair plasmas. The nonlinear
dynamics of the slab universal instability, and the turbulent transport it induces, remain
unexplored research areas. The results may differ from the linear prediction presented here
due to the nonlinear excitation of zonal flows and/or electromagnetic fluctuations. We look
forward to carrying out local gyrokinetic simulations that shed light on these topics.
SUPPLEMENTARY MATERIAL
See supplementary material for the complete derivation of the generalized dispersion
relation of the slab δB‖-universal instability.
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Appendix A: Low-β long wavelength limit
In the low β, long wavelength limit, let u=2ω/k, then to O(β2)
1
ωbi
=
1
ω
[
1− βiα0
2u
v2 +
β2i α
2
0
4u2
v4 +O(β3i )
]
, (A1)
1
ωbe
=
1
ω
[
1 +
βeα0
2u
v2 +
β2eα
2
0
4u2
v4 +O(β3e )
]
(A2)
so that
ω¯i
ωbi
=
(
1− 1
u
+
ηi
u
)
−
[
βiα0
2u
(
1− 1
u
+
ηi
u
)
+
ηi
u
]
v2
+
[
β2i α
2
0
4u2
(
1− 1
u
+
ηi
u
)
+
βiα0ηi
2u2
]
v4 − β
2
i α
2
0ηi
4u3
v6 + ... ,
(A3)
ω¯e
ωbe
=
(
1 +
Zτe
u
− Zτeηe
u
)
+
[
βeα0
2u
(
1 +
Zτe
u
− Zτeηe
u
)
+
Zτeηe
u
]
v2
+
[
β2eα
2
0
4u2
(
1 +
Zτe
u
− Zτeηe
u
)
+
Zβeα0τeηe
2u2
]
v4 +
Zβ2eα
2
0τeηe
4u3
v6 + ... .
(A4)
Define
α1i,e = 1 + ηi,e , α2i,e = 1 + 2ηi,e , α3i,e = 1 + 3ηi,e , α4 = 1− Z2τ 2e + 2
(
ηi − Z2τ 2e ηe
)
,
(A5)
then to O(β) and O(k2) order,
IφQ = −Zk
2
2
[
1− α1i
u
+
1
µ
(
1 +
Zτeα1e
u
)]
− k2λ
2
De
ρ2i
τi
+
Zβiα0
2u
{
α0
u
+ k2
[
1− α2i
u
− Zτe
µ
(
1 +
Zτeα2e
u
)]}
+ O(β2) +O(k4) , (A6)
IBA = 1 + βi
(
1 + Zτe − α4
u
)
− 3
4
βik
2
[
1− α3i
u
+
Z3τ 2e
µ
(
1 +
Zτeα3e
u
)]
+ O(β2) +O(k4) , (A7)
IφA = Zβi
{
α0
2u
+
3
8
k2
[(
1− α2i
u
)
− Zτe
µ
(
1 +
Zτeα2e
u
)]}
+ O(β2) +O(k4) . (A8)
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Substituting above equations to Equation (A54), defining λ¯2De = 2λ
2
De
τi/(Zρ
2
i ), assuming
ω∝k and only keeping to O(β), O(Z) and O(k2) order yields
a2u
2 + a1u+ a0 = 0 (A9)
with
a2 =
(
1 +
1
µ
+ λ¯2De
)
(1 + β) =
(
1 +
1
µ
+ λ¯2De
)
[1 + βi (1 + Zτe)] , (A10)
a1 = −α1i (1 + β) + βi
(α0
2
− α4 − λ¯2Deα4
)
+
1
µ
[
Zτeα1e (1 + β)− βi
(
Zτeα0
2
+ α4
)]
,(A11)
a0 = βi
[
α1iα4 − α0α2i
2
− Zτe
µ
(
α1eα4 +
Zτeα0α2e
2
)]
. (A12)
The instability condition of entropy modes under this limit thus becomes
∆ = a21 − 4a0a2 < 0 (A13)
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Supplement material for δB‖-universal instability analysis
Ben Zhu1, Manaure Francisquez2, Barrett N. Rogers3 and Xue-qiao Xu1
1LLNL, 2MIT, 3Dartmouth College
The derivation of generalized dispersion relation of slab universal instability follows simi-
lar procedure described in reference14 (which followed the linear gyrokinetic stability analysis
proposed in reference37). In fact, the analysis on the Valsov equation in appendix of ref-
erence14 is valid in our derivation up to Equation (A29) (Equation (A.32) in reference14).
Therefore, we only briefly outline these procedures prior Equation (A29) for completeness
in this appendix.
Considering a fully ionized quasi-neutral plasma consists of electrons and ions with charge
qi=Ze and mass ratio µ=mi/me, the total plasma kinetic pressure is p0=p0i+p0e=n0iT0i(1+Zτe)
where the quasi-neutral condition n0e = Zn0i is applied and τe=Te0/Ti0. The quasi-neutral
condition also ensures Lni=Lne=Ln where the characteristic length of quantity f is defined
as Lf = f/f
′ (here prime denotes derivative along x direction). Hence, the total balance
condition p0+B
2
0/(8pi)=constant implies that L
−1
B =− βL−1p /2, or
Lni
LB
= −βiα0
2
(A14)
with
α0 = 1 + ηi + Zτe + Zτeηe . (A15)
Further assuming the guiding magnetic field aligns in z direction B = (B0(x) + B˜)zˆ
where the perturbed magnetic field B˜ ∝ e−iωt+iky, this results an equilibrium (diamagnetic)
current J0 = −cB′0/(4pi)yˆ carried by diamagnetic drifts vdα = cp′α0/(n0qαB0). Here and
subscript α represents different plasma species.
After defining
v2tα =
2Tα
mα
, Ωα =
qαB0
mαc
, v¯ =
v
vtα
, v¯dα =
vdα
vtα
, (A16)
we proceed with a solution to the linearized Vlasov equation as an expansion in  ∼ ρα/L,
where ρα = vtα/Ωα and L is a typical equilibrium scale length such as Ln, Lp, and the
resulting equation when the equilibrium electric field is omitted reads{
∂t + v · ∇+
[
q
m
E˜+ Ω
(
1 +
B˜
B0
)
v × zˆ
]
· ∇v
}(
Feq + f˜
)
= 0 (A17)
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where the equilibrium distribution function which is also expanded in : Feq = F0 +F1 + . . .
obeys
(v · ∇+ Ωv × zˆ · ∇v) (F0 + F1 + . . . ) = 0 . (A18)
To zeroth and first order in , Equation (A18) yields
F0 =
(
n0
pi3/2v3t
)
e−v¯
2
, F1 =
vy
ΩLF
F0 (A19)
where L−1F = L
−1
n + L
−1
T (v¯
2 − 3/2). The perturbation f˜ ∝ e−iωt+iky obeys
(−iω + v · ∇+ Ωv × zˆ · ∇v) f˜ +
(
q
m
E˜+ Ω
B˜
B0
v × zˆ
)
· ∇v (F0 + F1) = 0. (A20)
Note E˜ = −∇φ − ∂tA/c and define L−1FT = L−1F − L−1T , the second term in Equation (A20)
to O()
− ik qφ˜
m
∂
∂vy
(F0 + F1) = ikϕ˜
[
vy +
v2y
ΩLFT
− v
2
t
2ΩLF
]
, (A21)
− ωΩ
k
B˜
B0
∂
∂vx
(F0 + F1) =
2ωv¯xΩ
kvt
b˜+O(2) (A22)
with ϕ˜ = qφ˜F0/T and b˜ = B˜F0/B0. Defining
ϕ˜ = ϕˆeiky−iωt , b˜ = bˆeiky−iωt , f˜ = fˆ eiky−iωt (A23)
and expanding fˆ = fˆ0 + fˆ1 + . . . , Equation (A20) to O() is(
−iω
Ω
+
vx∂x
Ω
+
ikvy
Ω
− ∂
∂ξ
)(
fˆ0 + fˆ1
)
+
ikϕˆ
Ω
[
vy +
v2y
ΩLFT
− v
2
t
2ΩLF
]
+bˆv¯x
(
2ω
kvt
− vt
ΩLF
)
= 0 .
(A24)
To leading order (
ikvy
Ω
− ∂
∂ξ
)
fˆ0 +
ikvy
Ω
ϕˆ = 0 , (A25)
thus,
fˆ0 = −ϕˆ+ ge−ikvx/Ω (A26)
where g is independent of gyro-angle ξ and is to be determined. At first order(
−iω
Ω
+
vx∂x
Ω
)
fˆ0 +
(
ikvy
Ω
− ∂
∂ξ
)
fˆ1 +
ikϕˆ
Ω
[
v2y
ΩLFT
− v
2
t
2ΩLF
]
+ bˆv¯x
(
2ω
kvt
− vt
ΩLF
)
= 0 .
(A27)
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Multiplying Equation (A27) by eikvx/Ω and taking the gyro-angle average, it becomes∫ pi
−pi
dξ
2pi
eikvx/Ω
{
− iω
Ω
(−ϕˆ+ ge−ikvx/Ω)+ vx
Ω
∂x
(−ϕˆ+ ge−ikvx/Ω)+ ikϕˆ
Ω
[
v2y
ΩLFT
− v
2
t
2ΩLF
]
+ bˆv¯x
(
2ω
kvt
− vt
ΩLF
)}
= 0
(A28)
which eventually leads to
g =
ω¯
ωb
(
J0ϕˆ+
2Ωv¯⊥
kvt
J1bˆ
)
, (A29)
where
ω¯ = ω − kv
2
t
2ΩLF
, ωb = ω − kv
2
⊥
2ΩLB
(A30)
and the normalized perturbed distribution (with respect to F0) thus is
f¯0 =
f˜0
F0
=
(
e−ikvx/ΩJ0
ω¯
ωb
− 1
)
qφ˜
T0
+ e−ikvx/ΩJ1
ω¯
ωb
2v¯⊥
kρ
B˜
B0
. (A31)
Or, for ions and electrons (denoted by subscript i, e):
f¯0i =
(
e−ikvx/ΩiJ0
ω¯i
ωbi
− 1
)
Zeφ˜
Ti0
+ e−ikvx/ΩiJ1
ω¯i
ωbi
2v¯⊥
kρi
B˜
B0
, (A32)
f¯0e =
(
e−ikvx/ΩeJ0
ω¯e
ωbe
− 1
) −eφ˜
Te0
+ e−ikvx/ΩeJ1
ω¯e
ωbe
2v¯⊥
kρe
B˜
B0
. (A33)
Note in this derivation no assumption of kρe  1 is made and the full FLR effects are
retained for electrons.
(a) According to Ampere’s law, the perturbed magnetic field follows
B˜
B0
=
(∇× B˜)x
ikB0
=− 4pii
ckB0
∑
i,e
∫
d3vqvxf˜0
=− 4piie
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
(
Zn0ivtif¯0i − n0evtef¯0e
)
=− 4piien0e
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
{
vti
[(
e−ikvx/ΩiJ0
ω¯i
ωbi
− 1
)
Zeφ˜
Ti0
+ e−ikvx/ΩiJ1
ω¯i
ωbi
2v¯⊥
kρi
B˜
B0
]
− vte
[(
e−ikvx/ΩeJ0
ω¯e
ωbe
− 1
) −eφ˜
Te0
+ e−ikvx/ΩeJ1
ω¯e
ωbe
2v¯⊥
kρe
B˜
B0
]}
.
(A34)
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Collecting terms this maybe written as
IBA
B˜
B0
= IφA
eφ˜
Ti0
(A35)
where
IBA = 1 +
4piien0e
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
(
vtie
−ikvx/ΩiJ1
ω¯i
ωbi
2v¯⊥
kρi
− vtee−ikvx/ΩeJ1 ω¯e
ωbe
2v¯⊥
kρe
)
, (A36)
IφA =
−4piien0e
ckB0pi3/2
∫
d3v¯e−v¯
2
v¯x
[
Zvti
(
e−ikvx/ΩiJ0
ω¯i
ωbi
− 1
)
+ vte
(
e−ikvx/ΩeJ0
ω¯e
ωbe
− 1
)
τi
]
.(A37)
Here τi = Ti0/Te0 = τ
−1
e . Defining
f1α =
iΩα
kvx
(
e−ikvx/Ωα − 1 + ikvx
Ωα
)
→ e−ikvx/Ωα = 1− ikvx
Ωα
(1 + f1α) (A38)
and collecting real terms above equations may be written as
IBA = 1 +
∫
d3v¯
pi3/2
v¯2⊥e
−v¯2 v¯2x
[
βi (1 + f1i)
ω¯i
ωbi
2J1
kρiv¯⊥
+ βe (1 + f1e)
ω¯e
ωbe
2J1
kρev¯⊥
]
, (A39)
IφA = −Zβi
∫
d3v¯
pi3/2
e−v¯
2
v¯2x
[
(1 + f1i) J0
ω¯i
ωbi
− (1 + f1e) J0 ω¯e
ωbe
]
. (A40)
Transforming to plane-polar perpendicular velocity components with∫
d3v¯
pi3/2
=
1
pi3/2
∫ ∞
−∞
dv¯z
∫ ∞
−∞
dv¯y
∫ ∞
−∞
dv¯x = 2
∫ ∞
−∞
dv¯z√
pi
∫ ∞
0
dv¯⊥v¯⊥
∫ pi
−pi
dξ
2pi
, (A41)
using the identity
v¯⊥
kρ
J1 (kρv¯⊥) =
∫ pi
−pi
dξ
2pi
v¯2x (1 + f1) , (A42)
carrying out the vz integrals with v¯
2 = v¯2z + v¯
2
⊥ and noting the Gaussian integral∫ ∞
−∞
dxe−x
2
=
√
pi (A43)
Equation (A39) and (A40) become
IBA = 1 + 4
∫ ∞
0
dv¯⊥v¯3⊥e
−v¯2⊥
(
J21
βiω¯i
k2ρ2iωbi
+ J21
βeω¯e
k2ρ2eωbe
)
, (A44)
IφA = −2Zβi
∫ ∞
0
dv¯⊥v¯2⊥e
−v¯2⊥
(
J0J1
ω¯i
kρiωbi
− J0J1 ω¯e
kρeωbe
)
. (A45)
(b) The quasi-neutrality condition (Zni=ne) is now replaced by Gauss’s law in order to
include Debye shielding effect. To the required order it is written as
∇2φ˜ = −4pie
∫
d3v
(
Zf˜0i − f˜0e
)
= −4pie
∫
d3v¯
pi3/2
e−v¯
2 (
Zni0f¯0i − n0ef¯0e
)
= −4pien0e
∫
d3v¯
pi3/2
e−v¯
2 (
f¯0i − f¯0e
)
.
(A46)
29
Therefore,
k2λ2Deτi
eφ˜
Ti0
=
∫
d3v¯
pi3/2
e−v¯
2
{[(
e−ikvx/ΩiJ0
ω¯i
ωbi
− 1
)
Zeφ˜
Ti0
+ e−ikvx/ΩiJ1
ω¯i
ωbi
2v¯⊥
kρi
B˜
B0
]
−
[(
e−ikvx/ΩeJ0
ω¯e
ωbe
− 1
) −eφ˜
Te0
+ e−ikvx/ΩeJ1
ω¯e
ωbe
2v¯⊥
kρe
B˜
B0
]} (A47)
where electron Debye length λDe =
√
Te/(4pie2n0e). Collecting terms this becomes
IφQ
eφ˜
Ti0
= IBQ
B˜
B0
(A48)
with
IφQ =
∫
d3v¯
pi3/2
e−v¯
2
[
Z
(
e−ikvx/ΩiJ0
ω¯i
ωbi
− 1
)
+
(
e−ikvx/ΩeJ0
ω¯e
ωbe
− 1
)
τi
]
− k2λ2Deτi ,(A49)
IBQ = −
∫
d3v¯
pi3/2
e−v¯
2
v¯2⊥
(
e−ikvx/Ωi
2J1
kρiv¯⊥
ω¯i
ωbi
− e−ikvx/Ωe 2J1
kρev¯⊥
ω¯e
ωbe
)
. (A50)
Following the same steps as before, and noting that
J0(kρv¯⊥) =
∫ pi
−pi
dξ
2pi
e±ikvx/Ω (A51)
one obtains
IφQ = 2
∫ ∞
0
dv¯⊥v¯⊥e−v¯
2
⊥
[
Z
(
J20
ω¯i
ωbi
− 1
)
+
(
J20
ω¯e
ωbe
− 1
)
τi
]
− k2λ2Deτi , (A52)
IBQ = −4
∫ ∞
0
dv¯⊥v¯2⊥e
−v¯2⊥
(
J0J1
ω¯i
kρiωbi
− J0J1 ω¯e
kρeωbe
)
(A53)
with the aid of Equation (A45), implying with Equation (A35) the dispersion relation:
IφQIBA = IBQIφA = 2 (IφA)
2 /(Zβi) . (A54)
(c) Normalizing frequencies to vti/Ln, lengths to ρi (so for example ω = ωphysLn/vti and
k = kphysρi) and denoting v¯⊥ as v for simplicity, the expressions for IφQ, IBA and IφA become
IφQ = 2
∫ ∞
0
dvve−v
2
[
Z
(
J20
ω¯i
ωbi
− 1
)
+
(
J20
ω¯e
ωbe
− 1
)
τi
]
− k2λ
2
De
ρ2i
τi , (A55)
IBA = 1 + 4
∫ ∞
0
dvv3e−v
2
(
J21
βi
k2
ω¯i
ωbi
+
µ
Z2τe
J21
βe
k2
ω¯e
ωbe
)
, (A56)
IφA = −2Zβi
∫ ∞
0
dvv2e−v
2
(
J0J1
1
k
ω¯i
ωbi
+
µ1/2
Zτ
1/2
e
J0J1
1
k
ω¯e
ωbe
)
(A57)
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with
ω¯i = ω − k
2
[
1 + ηi
(
v2 − 1)] , ωbi = ω + βiα0
4
kv2, (A58)
ω¯e = ω +
Zτek
2
[
1 + ηe
(
v2 − 1)] , ωbe = ω − βeα0
4
kv2 (A59)
and the arguments of Bessel function J0,1 for ions and electrons are kv and −Zτ 1/2e kv/µ1/2
respectively.
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